. A real valued measurable function V is said to be in the Kato class
is essentially self-adjoint and the unique solution in L 2 of the heat equation is given by the famous Feynmann-Kac semigroup
where f is a nonnegative measurable function, (B t ) t≥0 is the Brownian Motion in R d defined on some filtered probability space Ω, F , (F t ) t≥0 , (P x ) x∈R d with P x (B 0 = x) = 1 for any initial point x ∈ R d and E x means the expectation with respect to P x .
In the case where D is a strict sub-domain, sharp results are known only when d = 1 or, in the multidimensional case, only in some special situations.
Consequently of an intuitive probabilistic interpretation of uniqueness, Wu [Wu'98] introduced and studied the uniqueness of Schrödinger operators in
A is closable and its closure is the generator of To obtain a correct definition of L ∞ (D, dx)-uniqueness, we should introduce a weaker
becomes a strongly continuous semigroup with respect to this new topology. Remark that the natural topology for studying
Definition 2.1. The operator A is said to be a pre-generator on
A is closable and its closure with respect to
The main result of this paper is
Proof. First, we must remark that the existence assumption of pre-generator in on L ∞ (D, dx) and for any p ∈ [1, ∞] we define
be the killed
is bounded over the compact in-
Proof. The proof is close to that of [Wu'98, Lemma 2.3, p. 288] . Let P
from where we deduce that
is uniformly bounded by the assumption that V − ∈ K d (see [AS'82] is a C 0 -semigroup on
Step 1: the case V ≥ 0. For n ∈ N we consider V n := V ∧ n. By a theorem of bounded perturbation (see [Da'80, Theorem 3.1, p. 68]) it follows that
Letting n → ∞, we have pointwisely on D:
Af .
Moreover, for any x ∈ D we have:
Hence by the dominated convergence we derive that
Af ds , ∀t ≥ 0.
It follows that f is in the domain of the generator L
.
Step 2: the general case. Setting V n = V ∨ (−n), for n ∈ N, and denoting by
, we have by
Step 1
Notice that
which is uniformly bounded in L ∞ (D, dx) over [0, t] . By Fubini's theorem we have
On the other hand, for any x ∈ D fixed such that
then by dominated convergence we find
Thus by dominated convergence we have dx-a.e. on D,
The same argument shows that
By consequence 
It is enough to show that for any h ∈ L 1 (D, dx) which satisfies the equality
Let h ∈ L 1 (D, dx) be such that for some λ one have
, by applying [AS'82, Theorem 1.5, p. 217] we can see that h is a continuous function. By the mean value theorem due to Aizenman and Simon [AS'82, Corollary 3.9, p. 231] , there exists some constant C > 0 such as 
on L 2 and
be the lowest energy of the Schrödinger operator. If we take λ < λ(D, V ), then the last equality is possible only for h = 0, because P should grow rapidly to infinity near ∂D, this means
so that a particle with starting point inside D can not reach the boundary ∂D (see [Wu'98, Theorem 1.1, p. 279] ).
By analogy with the uniqueness in has one L 1 (R d , dx)-unique weak solution which is given by u(t, x) = P V t h(x).
Proof. The assertion follows by [WZ'06, Theorem 2.1, p. 570] and Theorem 2.2.
